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Let us introduce, as in [6], some deﬁnitions and notations.
For m,m1, . . . ,mr integers such that
Pr
i¼1mi ¼ m; we deﬁnem
m1; . . . ;mr
 
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m1!mr! if mi P 0; i ¼ 1; . . . ; r;
0 otherwise:
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(aP b) () (a1P b1, . . . ,arP br), (a> b) () (a1 > b1, . . . ,ar > br),
1ðaPbÞ ¼ 1 if aP b;0 otherwise;

for n ¼ ðn1; . . . ; nrÞ 2 Nr we set
tn ¼ tn11    tnrr ; t
n
n!
¼ t
n1
1
n1!
   tnrrnr ! ; n! = n1!    nr!, ŒnŒ= n1 +   + nr, 1= (1, . . . , 1),
n
i
 
p
¼ n1
i1
 
   nr
ir
 
;
n
i; j; . . . ; k
 
p
¼ n1
i1; j1; . . . ; k1
 
   nr
ir; jr; . . . ; kr
 
;
Bn;kðxiÞ ¼ Bn1;...;nr ;kðx0;...;0;1; . . . ; xn1;...;nrÞ, nP 0,kP 0 and =0 otherwise,
AnðxiÞ ¼ An1;...;nrðx0;...;0;1; . . . ; xn1;...;nrÞ, nP 0 and =0 otherwise,
fnðxÞ ¼ fn1;...;nrðxÞ if nP 0, f0(x) = 1 and =0 otherwise, for ðm; nÞ 2 N2 we set
Bm,n;k(xi,j) = Bm,n;k(x0,1,x1,0 , . . . ,xm,n),
Am,n(xi,j) = Am,n(x0,1,x1,0, . . . ,xm,n) and we set also Dz¼0 ¼ ddz

z¼0.
The complete (exponential) multipartitional polynomials An in the variables (xi,
i „ 0), are deﬁned by the sumAnðxiÞ :¼
X n!Yn
i¼0;i–0
ki!
Yn
i¼0;i–0
xi
i!
 ki
; ð1Þwhere the summation is extended over all partitions of the multipartite number
n= (n1, . . . ,nr), that is, over all nonnegative integers (ki,0 6 i 6 n) solution of the
equationsXn
i¼0ijki ¼ nj; j ¼ 1; . . . ; r; with convention k0 ¼ 0: ð2Þ
The partial (exponential) multipartitional polynomials Bn,k in the variables (xi, i „ 0), of
degree k, are deﬁned by the sumBn;kðxiÞ :¼
X n!Qn
i¼0;i–0ðki!Þ
Yn
i¼0;i–0
xi
i!
 ki
; ð3Þwhere the summation is extended over all partitions of the multipartite number
n= (n1, . . . ,nr) into k parts, that is, over all nonnegative integers (ki,0 6 i 6 n) solution
of the equationsXn
i¼0ki ¼ k;
Xn
i¼0ijki ¼ nj; j ¼ 1; . . . ; r; with convention k0 ¼ 0: ð4Þ
Also, we can verify that the exponential generating function for An1;...;nr is given byX
nP0
AnðxjÞ t
n
n!
¼ exp
X
jijP1xi
ti
i!
 
ð5Þand the exponential generating function for Bn; k is given byX
jnjPkBn;kðxjÞ
tn
n!
¼ 1
k!
X
jijP1xi
ti
i!
 k
: ð6Þ
4 H. Belbachir, M. MihoubiThe polynomials of multinomial type (fn(x)) are deﬁned by f0(x):¼1 and
X
iP0
fið1Þ t
i
i!
 x
¼
X
nP0
fnðxÞ t
n
n!
: ð7ÞIn the following S design a vector of Nr n f0g.
We will use the two following results, given in [6]:
Theorem 1. Let rP 1 be an integer and a 2 Rr. If (fn(x)) is a multinomial type sequence
of polynomials, then the polynomials (hn(x)) and (pn(x)) given byhnðxÞ :¼ x
a:nþ x fnða:nþ xÞ ð8Þ
pnðxÞ :¼ fjnjðxÞ ð9Þ
are of multinomial type.
Theorem 2. Let a 2 R; a 2 Rr and (fn(x)) be a sequence of polynomials of multinomial
type. We haveAn a
fiða:iÞ
a:i
 
¼ a fnða:nþ aÞ
a:nþ a : ð10ÞIn this paper, we start with two light extensions concerning multipartitional polyno-
mials given in [6]. The main results of the paper concern the recursiveness properties for
multipartitional polynomials and their connections with the derivatives of polynomials
of multinomial type. Each result is followed by various applications.
2. IDENTITIES RELATED TO MULTIPARTITIONAL POLYNOMIALS
In [6], Theorems 3 and 4 are established when S 2 {0,1}r, S „ 0. Here, we extend the
results to any vector S 2 Nr such that ŒSŒP 1. These extensions give an other applica-
tion illustrated by vectorial multinomial coefﬁcient.
Theorem 3. Let (xn) be a sequence of real numbers. Thenjnj þ k
jnj
 !
BnþkS;k
j
S
 !
p
xjjj
 !
¼ 1
k!
nþ kS
n;S; . . . ;S
 !
p
Bjnjþk;kðjxjþjSj1Þ: ð11ÞProof. Identity (11) follows from the following expansion:
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k!
P
jijP1
i
S
 
p
xi
ti
i!
 k
¼ 1
k!
P
jP1xj
P
jij¼j
i
S
 
p
ti
i!
 k
¼ tkS
k!ðS!Þk
P
jP1xj
P
jij¼j
tiS
ðiSÞ!
 k
¼ tkS
k!ðS!Þk
P
jP1xjþjSj1
P
jij¼j1
ti
i!
 k
¼ tkS
k!ðS!Þk
P
jP1jxjþjSj1
ðjtjÞj1
j!
 k
¼ tkSðS!Þk
P
mPkBm;kðjxjþjSj1Þ ðjtjÞ
mk
m!
¼ tkSðS!Þk
P
mPk
ðmkÞ!
m!
Bm;kðjxjþjSj1Þ
P
jmj¼mk
tm
m!
¼ tkSðS!Þk
P
mP0
ðjmjÞ!
ðjmjþkÞ!Bjmjþk;kðjxjþjSj1Þ t
m
m!
¼ 1
k!ðS!Þk
P
mP0
n!
ðnkSÞ!
BjnjkjSjþk;kðjxjþjSj1Þ
jnj  ðjSj  1Þk
k
  tn
n!
¼ 1
k!
P
nPkS
n
n kS;S; . . . ;S
 
p
BjnjðjSj1Þk;kðjxjþjSj1Þ
jnj  ðjSj  1Þk
k
  tn
n!
: Corollary 4. Let (xn) be a sequence of real numbers. Then, for r = 1 and S= u, we getnþ k
n
 
Bnþku;k
j
u
 
xj
 
¼ 1
k!
nþ ku
n; u; . . . ; u
 
Bnþk;kðjxjþu1Þ:Corollary 5. Let (xn) be a sequence of real numbers. Then, for r = 2 and S= (u,0), we
getmþ nþ k
mþ n
 
Bmþku;n;k
i
u
 
xiþj
 
¼ 1
k!
mþ ku
m; u; . . . ; u
 
Bmþnþk;kðjxjþu1Þ;for r = 2 and S= (0,v), we getmþ nþ k
mþ n
 
Bm;nþkv;k
j
v
 
xiþj
 
¼ 1
k!
nþ kv
n; v; . . . ; v
 
Bmþnþk;kðjxjþv1Þ;for r = 2 and S= (u,v), we getmþ nþ k
mþ n
 
Bmþku;nþkv;k
i
u
 
j
v
 
xiþj
 
¼ 1
k!
mþ ku
m; u; . . . ; u
 
nþ kv
n; v; . . . ; v
 
Bmþnþk;kðjxjþuþv1Þ:Theorem 6. Let a 2 R; a 2 Rr and (fn(x)) be a multinomial type sequence of polynomi-
als. We have
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i
S
 
p
fiS a:ði SÞ þ að Þ
a:ði SÞ þ a
 
¼ aðk 1Þ!
n
n kS;S; . . . ;S
 
p
fnkSða:ðn kSÞ þ akÞ
a:ðn kSÞ þ ak : ð12ÞProof. We haveP
jnjPkBn;k
i
S
 
p
fiSðaÞ
 
tn
n!
¼ 1
k!
P
jijP1
i
S
 
p
fiSðaÞ tii!
 k
¼ tkS
k!ðS!Þk
P
iP0fiðaÞ t
i
i!
 k
¼ tkS
k!ðS!Þk
P
nP0fnðakÞ t
n
n!
¼ 1
k!ðS!Þk
P
nPkS
n!
ðnkSÞ! fnkSðakÞ t
n
n!
;i.e.Bn;k
i
S
 
p
fiSðaÞ
 
¼ 1
k!
n
n kS;S; . . . ;S
 
p
fnkSðakÞ: ð13ÞIt sufﬁces to replace (fn(x)) by (hn(x)) as in (8). h
Corollary 7. Let a; a 2 R and (fn(x)) be a binomial type sequence of polynomials. Then,
for r = 1 and S= u, we haveBn;k a
i
u
 
fiuðaðiuÞþaÞ
aðiuÞþa
 
¼ aðk1Þ!
n
nku;u; . . . ;u
 
fnkuðaðnkuÞþakÞ
aðnkuÞþak :Corollary 8. Let a 2 R; a ¼ ða; bÞ 2 R2 and (fm,n(x)) be a trinomial type sequence of
polynomials. Then, for r = 2 and S= (u,0), we haveBm;n;k a
i
u
 
fiu;jðaði uÞ þ bjþ aÞ
aði uÞ þ bjþ a
 
¼ aðk 1Þ!
m
m ku; u; . . . ; u
 
fmku;nðaðm kuÞ þ bnþ akÞ
aðm kuÞ þ bnþ ak ;for r = 2 and S= (0,v), we haveBm;n;k a
j
v
 
fi;jvðaiþ bðj vÞ þ aÞ
aiþ bðj vÞ þ a
 
¼ aðk 1Þ!
n
n kv; v; . . . ; v
 
fm;nkvðamþ bðn kvÞ þ akÞ
amþ bðn kvÞ þ ak ;for r = 2 and S= (u,v), we haveBm;n;k a
i
u
 
j
v
 
fiu;jvðaði uÞ þ bðj vÞ þ aÞ
aði uÞ þ bðj vÞ þ a
 
¼ aðk 1Þ!
m!n!
ðm kuÞ!ðn kvÞ!ðu!v!Þk
fmku;nkvðaðm kuÞ þ bðn kvÞ þ akÞ
aðm kuÞ þ bðn kvÞ þ ak :
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This section is devoted to the twice composition of multipartitional polynomials.
Theorem 9. Let (xn) be a sequence of real numbers with xS ¼ 1; d 2 Nr and d 2 NI. We
haveBn;k 1ðiPSÞðt 1Þ!d
iþ ðt 1ÞS
i;S; . . . ;S
 1
p
Biþðt1ÞS;t
j
S
 
p
xj
  !
¼ 1ðnPkSÞ ðT 1Þ!dðk 1Þ!
nþ ðT kÞS
n;S; . . . ;S
 1
p
BnþðTkÞS;T
j
S
 
p
xj
 
; ð14Þwhere t = d Æ(i  S) + dT = d Æ(n  kS) + kd.
Proof. Let (fn(x)) be a multinomial type sequence of polynomials with fn(1):¼xn+S.
For a= 0 and a= 1 in (12), we getfnðkÞ
k
¼ ðk 1Þ! nþ kS
n;S; . . . ;S
 1
p
BnþkS;k
i
S
 
p
xi
 
: ð15ÞFor a= d and a= d, Formula (12) becomesBn;k d
i
S
 
p
fiSðtÞ
t
 
¼ dðk 1Þ!
n
n kS;S; . . . ;S
 
p
fnkSðTÞ
T
: ð16ÞTherefore, form (15), we obtainfiSðtÞ
t
¼ ðt 1Þ! iþ ðt 1ÞS
i S;S; . . . ;S
 1
p
Biþðt1ÞS;t
i
S
 
p
xi
 
and
fnkSðTÞ
T
¼ ðT 1Þ! nþ ðT kÞS
n kS;S; . . . ;S
 1
p
BnþðT1ÞS;T
i
S
 
p
xi
 
:Now, replacing in (16) fiS(t) and fnkS(T) by their above expressions, we getBn;k ðt 1Þ!d
i
S
 
p
iþ ðt 1ÞS
i S;S; . . . ;S
 1
p
Biþðt1ÞS;t
i
S
 
p
xi
  !
¼ ðT 1Þ!dðk 1Þ!
n
n kS;S; . . . ;S
 
p
nþ ðT kÞS
n kS;S; . . . ;S
 1
p
BnþðTkÞS;T
i
S
 
p
xi
 
:Then, to obtain (14), it sufﬁces to observe thati
S
 
p
iþ ðt 1ÞS
i S;S; . . . ;S
 1
p
¼ 1ðiPSÞ
iþ ðt 1ÞS
i;S; . . . ;S
 1
p
;
n
n kS;S; . . . ;S
 
p
nþ ðT kÞS
n kS;S; . . . ;S
 1
p
¼ 1ðnPkSÞ
nþ ðT kÞS
n;S; . . . ;S
 1
p
: 
8 H. Belbachir, M. MihoubiCorollary 10. Let (fn(x)) be a binomial type sequence of polynomials and d 2 NI. Then,
for r = 1, S= u and d ¼ p 2 N; and Bn,k(xi) be the partial Bell polynomials, we getBn;k 1ðiPuÞðt1  1Þ!d
iþ ðt1  1Þu
i; u; . . . ; u
 1
Biþðt11Þu;t1
j
u
 
xj
  !
¼ 1ðnPkuÞ ðT1  1Þ!dðk 1Þ!
nþ ðT1  kÞu
n; u; . . . ; u
 1
BnþðT1kÞu;T1
j
u
 
xj
 
;where t1 = p(i  u) + d,T1 = p(n  ku) + kd.
Corollary 11. Let p,q,dP 1 be nonnegative integers and (fm,n(x)) be a trinomial type
sequence of polynomials. Then, for r = 2, d= (p,q) and S= (u,0), we getBm;n;k 1ðiPuÞðt10  1Þ!d
iþ ðt10  1Þu
i; u; . . . ; u
 1
Biþðt101Þu;j;t10
i0
u
 
xi0 ;j0
  !
¼ 1ðmPkuÞ ðT10  1Þ!dðk 1Þ!
mþ ðT10  kÞu
m; u; . . . ; u
 1
BmþðT10kÞu;n;T10
i0
u
 
xi0 ;j0
 
;where t10 = p(i  u) + qj + d and T10 = p(m  ku) + qn + kd; for r = 2, d= (p,q)
and S= (0,v), we getBm;n;k 1ðjPvÞðt01  1Þ!d
jþ ðt01  1Þv
j; v; . . . ; v
 1
Bi;jþðt011Þv;t01
j0
v
 
xi0 ;j0
  !
¼ 1ðnPkvÞ ðT01  1Þ!dðk 1Þ!
nþ ðT01  kÞv
n; v; . . . ; v
 1
Bm;nþðT01kÞv;T01
j0
v
 
xi0;j0
 
;where t01 = pi + q(j  v) + d and T01 = pm+ q(n  kv) + kd; for r = 2, d= (p,q)
and S= (u,v), we getBm;n;k 1ðiPuÞ1ðjPvÞðt11  1Þ!d
Biþðt111Þu;jþðt111Þv;t11
i0
u
 
j0
v
 
xi0;j0
 
iþ ðt11  1Þu
i; u; . . . ; u
 
jþ ðt11  1Þv
j; v; . . . ; v
 
0
BBB@
1
CCCA
¼ 1ðmPkuÞ1ðnPkvÞ ðT11  1Þ!dðk 1Þ!
BmþðT11kÞu;nþðT11kÞv;T11
i0
u
 
j0
v
 
xi0 ;j0
 
mþ ðT11  kÞu
m; u; . . . ; u
 
nþ ðT11  kÞv
n; v; . . . ; v
  ;where t11 = p(i  u) + q(j  v) + d and T11 = p(m  ku) + q(n  kv) + dk.
For u= 1 in Corollary 10 we obtain Proposition 4 of [3] and for u= v= 1 in Cor-
ollary 11 we obtain Theorems 7 and 10 of [5].
Using some particular cases related to Bell polynomials. Indeed, for the choice
xn:¼xŒnŒ in Theorem 9 and using relation (11), we obtain:
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We haveBn;k
d
t
i
S
 
p
BjijjSjþt;tðxjÞ
jij jSjþ t
t
 
0
BBB@
1
CCCA¼ dðk1Þ!T nnkS;S; . . . ;S
 
p
BjnjkjSjþT;TðxjÞ
jnjkjSjþT
T
  ; ð17Þwhere t = d Æ(i  S) + d,T = d Æ(n  kS) + kd.
Example 13. Let a,x be real numbers and (fn(x)) be a binomial type sequence of poly-
nomials. Then, for xn ¼ nxanþx fn1ðanþ xÞ; we obtain from the identity (see Proposition
given in [3])Bn;k
nx
anþ x fn1ðanþ xÞ
 
¼ n
k
 
kx
aðn kÞ þ kx fnkðaðn kÞ þ kxÞthe following identityBn;k dx
i
S
 
p
fnkðaðjij  jSjÞ þ txÞ
aðjij  jSjÞ þ tx
 
¼ dxðk 1Þ!
n
n kS;S; . . . ;S
 
p
fnkðaðjnj  kjSjÞ þ TxÞ
aðjnj  kjSjÞ þ Tx ;where t= d Æ (i  S) + d, T= d Æ (n  kS) + kd.
Theorem 14. Let (xn) be a sequence of real numbers with xS = 1, d be an integer and
d 2 ðNIÞr. Then, for d.n+ dP 1, we haveAn ðd:i 1Þ!d
iþ ðd:iÞS
i;S; . . . ;S
 1
p
Biþðd:iÞS;d:i
j
S
 
p
xj
  !
¼ ðd:nþ d 1Þ!d nþ ðd:nþ dÞS
n;S; . . . ;S
 1
p
Bnþðd:nþdÞS;d:nþd
j
S
 
p
xj
 
: ð18ÞProof. Set a= d and x= d, Identity (10) becomesAn d
fiðd:iÞ
d:i
 
¼ d fnðd:nþ dÞ
d:nþ d : ð19ÞFrom (15) we obtainfiðd:iÞ
d:i
¼ d:i 1ð Þ! iþ ðd:iÞS
i;S; . . . ;S
 1
p
Biþðd:iÞS;d:i
j
S
 
p
xj
 
fnðd:nþ dÞ
d:nþ d ¼ ðd:nþ d 1Þ!
nþ ðd:nþ dÞS
n;S; . . . ;S
 1
p
Bnþðd:nþdÞS;d:nþd
j
S
 
p
xj
 
:Now, to obtain (18), replace in (19) fi(d.i) and fn(d.n+ d) by their above
expressions. h
10 H. Belbachir, M. MihoubiCorollary 15. Let (xn) be a sequence of real numbers with xS = 1. Then, for r = 1,
S= u and d= pP 1, with p, d are integers and pn + dP 1, and An(xi) be the complete
Bell polynomials and we getAn ðpi 1Þ!d
ðpuþ 1Þi
i; u; . . . ; u
 1
Bðpuþ1Þi;pi
j
u
 
xj
  !
¼ ðpnþ d 1Þ!d ðpuþ dþ 1Þn
n; u; . . . ; u
 1
Bðpuþdþ1Þn;pnþd
j
u
 
xj
 
:Corollary 16. Let (xm,n) be a sequence of real numbers with xS = 1 and pP 1, qP 1, d
be integers such that pm + qn + dP 1. Then, for r = 2, d= (p,q) and S= (u,0), we
getAm;n ðpiþ qj 1Þ!d
iþ ðpiþ qjÞu
i; u; . . . ; u
 1
BiþðpiþqjÞu;j;piþqj
i0
u
 
xi0;j0
  !
¼ ðpmþ qnþ d 1Þ!d mþ ðpmþ qnÞu
m; u; . . . ; u
 1
BmþðpmþqnþdÞu;n;pmþqnþd
i0
u
 
xi0 ;j0
 
;for r = 2, d= (p,q) and S= (0,v), we getAm;n ðpiþ qj 1Þ!d
jþ ðpiþ qjÞv
j; v; . . . ; v
 1
Bi;jþðpiþqjÞv;piþqj
j0
v
 
xi0 ;j0
  !
¼ ðpmþ qnþ d 1Þ!d nþ ðpmþ qnÞv
n; v; . . . ; v
 1
Bm;nþðpmþqnþdÞv;pmþqnþd
j0
v
 
xi0 ;j0
 
;for r = 2, d= (p,q) and S= (u,v), we getAm;n ðpiþ qj 1Þ!d
BiþðpiþqjÞu;jþðpiþqjÞv;piþqj
i0
u
 
j0
v
 
xi0 ;j0
 
iþ ðpiþ qjÞu
i; u; . . . ; u
 
jþ ðpiþ qjÞv
j; v; . . . ; v
 
0
BBB@
1
CCCA
¼ ðpmþ qnþ d 1Þ!d
BmþðpmþqnþdÞu;nþðpmþqnþdÞv;pmþqnþd
i0
u
 
j0
v
 
xi0 ;j0
 
mþ ðpmþ qnÞu
m; u; . . . ; u
 
nþ ðpmþ qnÞv
n; v; . . . ; v
  :For u= 1 in Corollary 15 we obtain Proposition 4 of [3] and for u= v= 1 in Cor-
ollary 16 we obtain Theorem 13 and 16 of [7].
For the choice xn :¼ xŒnŒ in Theorem 14 and using relation (11), we obtain:
Corollary 17. Let (xn) be a sequence of real numbers with xS = 1,d be an integer and
d 2 Nr: Then, for d.n + dP 1, we have
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d
d:i
Bðdþ1Þ:i;d:iðxjÞ
ðdþ 1Þ:i
d:i
 
0
BBB@
1
CCCA ¼ dd:nþ d Bðdþ1Þ:nþd;d:nþdðxjÞðdþ 1Þ:nþ d
d:nþ d
  :Example 18. Let a, x be real numbers and (fn(x)) be a binomial type sequence of poly-
nomials. For the (xn) given in Example 13, we obtainAn dx
fjijðajij þ ðd:iÞxÞ
ajij þ ðd:iÞx
 
¼ dx fjnjðajnj þ ðd:nþ dÞxÞ
ajnj þ ðd:nþ dÞx :4. MULTIPARTITIONAL POLYNOMIALS AND DERIVATIVES OF POLYNOMIALS OF MULTINOMIAL
TYPE
Some identities related to the derivatives of polynomial sequences of multinomial type
are given. We use the convention D1z¼0gðzÞ ¼ 0:
Theorem 19. Let a 2 R be a real number and (fn(x)) is of multinomial type sequence of
polynomials. We haveBn;k
i
S
 
p
Dz¼0ðeazfiSðxþ zÞÞ
 
¼ 1
k!
n
n kS;S; . . . ;S
 
p
Dkz¼0ðeazfnkSðkxþ zÞÞ:
ð20ÞProof. Let xn ¼ nS
 
p
Dz¼0ðeazfnSðxþ zÞÞ. Then1
k!
P
jijP1xi
ti
i!
 k
¼ 1
k!
P
iPS
i
S
 
p
Dz¼0ðeazfiSðxþ zÞÞ tii!
 k
¼ tkS
k!ðS!Þk
P
iP0Dz¼0ðeazfiðxþ zÞÞ t
i
i!
 k
¼ tkS
k!ðS!Þk Dz¼0e
az
P
iP0fiðxþ zÞ t
i
i!
 k
¼ tkS
k!ðS!Þk ðDz¼0ðeazFðtÞ
xþzÞÞk
¼ tkS
k!ðS!Þk ðFðtÞ
x
Dz¼0eðaþlnFðtÞÞzÞk
¼ tkS
k!ðS!Þk FðtÞ
kxðaþ lnFðtÞÞk
¼ tkS
k!ðS!Þk FðtÞ
kx
Dkz¼0e
ðaþlnFðtÞÞz
¼ tkS
k!ðS!Þk D
k
z¼0ðeazFðtÞkxþzÞ
¼ tkS
k!ðS!Þk
P
iP0D
k
z¼0ðeazfiðkxþ zÞÞ t
i
i!
¼ 1
k!
P
nPkS
n
n kS;S; . . . ;S
 
p
Dkz¼0ðeazfnkSðkxþ zÞÞ t
n
n!
;
12 H. Belbachir, M. Mihoubiso, we obtain the desired identity by identiﬁcation. h
Theorem 20. Let d 2 Nr, d 2 NI, a 2 Rr, a, x be real numbers and (fn(x)) be a multi-
nomial type sequence of polynomials. Then we haveBn;k d
i
S
 
p
Dd:ðiSÞþd1ðxDþ 1Þ fiSðtþ zÞ
tþ z e
az
 
z¼0
 
¼ dðk 1Þ!
n
n kS;S; . . . ;S
 
p
Dd:ðnkSÞþkd1ðxDþ 1Þ fnkSðTþ zÞðTþ zÞ e
az
 
z¼0
;
ð21Þ
where t ¼ a:ði SÞ þ dx and T ¼ a:ðn kSÞ þ kdx.
Proof. Set in (14) xn:¼Dz=0(eazfnS(x+ z)) and use Theorem 19, we obtainBn;k
d
t
i
S
 
p
Dtz¼0ðeazfiSðtxþ zÞÞ
 
¼ dðk 1Þ!T
n
n kS;S; . . . ;S
 
p
DTz¼0 e
azfnkSðTxþ zÞð Þ;with t= d Æ (i  S) + d, T= d Æ (n  kS) + kd.
To obtain (21), use in this identity the multinomial type sequence (hn(x)) instead
(fn(x)), where hn(x) is deﬁned, as in (8), by hnðxÞ :¼ xðaxdÞ:nþx fnðða xdÞ:nþ xÞ. h
Corollary 21. Let a, x, a be real numbers, pP 0, dP 1 be integers and (fn(x)) be a
binomial type sequence of polynomials. For r = 1, d= p, a= a and S= u, we haveBn;k d
i
u
 
DpðiuÞþd1ðxDþ 1Þ fiuðt1 þ zÞ
t1 þ z e
az
 
z¼0
 
¼ dðk 1Þ!
n
ku
 
DpðnkuÞþkd1ðxDþ 1Þ fnkuðT1 þ zÞ
T1 þ z
eaz
 
z¼0
;where t1 ¼ aði uÞ þ dx and T1 ¼ aðn kuÞ þ kdx.
Corollary 22. Let a,x,a, b be real numbers, pP 0, qP 0, dP 1 be integers and
(fm,n(x)) be a trinomial type sequence of polynomials. Then, for r = 2, d= (p,q),
a= (a,b) and S= (u,0), we getBm;n;k d
i
u
 
DpðiuÞþqjþd1ðxDþ 1Þ fiu;jðt10 þ zÞ
t10 þ z e
az
 
z¼0
 
¼ dðk 1Þ!
m
ku
 
DpðmkuÞþqnþkd1ðxDþ 1Þ fmku;nðT10 þ zÞ
T10 þ z
eaz
 
z¼0
;where t10 ¼ aði uÞ þ bjþ dx and T10 ¼ aðm kuÞ þ bnþ kdx; for r = 2, d= (p,q),
a= (a,b) and S= (0,v), we get
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j
v
 
DpiþqðjvÞþd1ðxDþ 1Þ fi;jv t01 þ zð Þ
t01 þ z e
az
 
z¼0
 
¼ dðk 1Þ!
n
kv
 
DpmþqðnkvÞþkd1ðxDþ 1Þ fm;nkvðT01 þ zÞ
T01 þ z
eaz
 
z¼0
;where t01 ¼ aiþ bðj vÞ þ dx and T01 ¼ amþ bðn kvÞ þ kdx; for r = 2, d= (p,q),
a= (a,b) and S= (u,v), we get;Bm;n;k d
i
u
 
j
v
 
DpðiuÞþqðjvÞþd1ðxDþ 1Þ fiu;jvðt11 þ zÞ
t11 þ z e
az
 
z¼0
 
¼ dðk 1Þ!
m
ku
 
n
kv
 
DpðmkuÞþqðnkvÞþkd1ðxDþ 1Þ fmku;nkvðT11 þ zÞðT11 þ zÞ
eaz
 
z¼0where t11 ¼ aði uÞ þ bðj vtÞ þ dx and T11 ¼ aðm kuÞ þ bðn kvÞ þ kdx.
For u= 1 in Corollary 21 we obtain Corollary 19 of [5] and for u= v= 1 in Cor-
ollary 22 we obtain Theorems 16 and 17 of [5].
Now, when we use a multinomial type sequence as in (9), Theorem 20 becomes:
Corollary 23. Let d 2 Nr, d 2 NI, 2 Rr, a, x be real numbers and (fn(x)) be a
multinomial type sequence of polynomials. Then we haveBn;k d
i
S
 
p
Dd:ðiSÞþd1ðxDþ 1Þ fjiSjðtþ zÞ
tþ z e
az
 
jz¼0
 
¼ dðk 1Þ!
n
n kS;S; . . . ;S
 
p
Dd:ðnkSÞþkd1ðxDþ 1Þ fjnkSjðTþ zÞðTþ zÞ e
az
 
z¼0
;
ð22Þ
where t ¼ a:ði SÞ þ dx and T ¼ a:ðn kSÞ þ kdx.
Theorem 24. Let d 2 ðNIÞr; d be an integer, a 2 Rr; a; x be real numbers and (fn(x)) be
a multinomial type sequence of polynomials. Then, for d.n + dP 1, we haveAn dD
d:i1ðxDþ 1Þ fiða:iþ zÞ
a:iþ z e
az
 
z¼0
 
¼ dDd:nþd1ðxDþ 1Þ fnða:nþ dxþ zÞ
a:nþ dxþ z e
az
 
z¼0
: ð23ÞProof. Set in (18) xn:¼Dz=0(eazfnS(x+ z)) and use Lemma 19, we obtainAn
d
d:i
Dd:iz¼0ðeazfiððd:iÞxþ zÞÞ
 
¼ d
d:nþ dD
d:nþd
z¼0 ðeazfnððd:nþ dÞxþ zÞÞ:To obtain (23), use in this identity the multinomial type sequence (hn(x)) instead of
(fn(x)), where hn(x) is deﬁned, as in (8), by hnðxÞ :¼ xðaxdÞ:nþx fnðða xdÞ:nþ xÞ. h
14 H. Belbachir, M. MihoubiCorollary 25. Let a,x,a be real numbers, pP 1, d be integers such that pn + dP 1 and
(fn(x)) be a binomial type sequence of polynomials. For r = 1, d= p and a= a, we getAn dD
pi1ðxDþ1Þ fiðaiþ zÞ
aiþ z e
az
 
z¼0
 
¼ dDpnþd1ðxDþ1Þ fnðanþdxþ zÞ
anþdxþ z e
az
 
z¼0
:Corollary 26. Let a,x,a, b be real numbers, pP 1, qP 1, d be integers such that
pm + qn + dP 1 and (fm,n(x)) be a trinomial type sequence of polynomials. For
r = 2, d= (p,q) and a= (a,b), we getAm;n dD
piþqj1ðxDþ 1Þ fi;jðaiþ bjþ zÞ
aiþ bjþ z e
az
 
z¼0
 
¼ dDpmþqnþd1ðxDþ 1Þ fm;nðamþ bnþ dxþ zÞ
amþ bnþ dxþ z e
az
 
z¼0
:Corollary 25 is Corollary 20 of [5] and Corollary 26 is Theorem 18 of [5].
Now, when we use a multinomial type sequence as in (9), Theorem 24 becomes:
Corollary 27. Let d 2 ðNIÞr; d be an integer, a 2 Rr; a,x be real numbers and (fn(x)) be
a multinomial type sequence of polynomials. Then, for d.n + dP 1, we haveAn dD
d:i1ðxDþ 1Þ fjijða:iþ zÞ
a:iþ z e
az
 
z¼0
 
¼ dDd:nþd1ðxDþ 1Þ fjnjða:nþ dxþ zÞ
a:nþ dxþ z e
az
 
z¼0
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